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Abstract. The first renormalization group map arising from the momentum space de- 
composition of a weakly coupled system of fermions at temperature zero differs from all 
subsequent maps. Namely, the component of momentum dual to temperature may be ar- 
bitrarily large - there is no ultraviolet cutoff. The methods of Part 1 are supplemented to 
control this special case. 
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VI. Introduction to Part 2 



We continue our analysis of models for weakly interacting fermions in <i-dimensions 
given in terms of 

• a single particle dispersion relation e(k) on IR d , 

• an ultraviolet cutoff U(k) on IR d , 

• an interaction. 

From now on, we fix r > 2 and assume that the dispersion relation is at least r + d+1 times 
differential) le. As discussed in part 1, formally, the generating functional for the connected 
amputated Green's functions is 



where Z = J e v ^'dfi,c(ip)- In this Grassmann integral, there are anticommuting fields ip(£), 
where £ = (xq, x, cr, a) G B = IRxIR d x {|, j} x {0, 1}. See the beginning of §11. The covariance 
of the Grassmann Gaussian measure dfic is the Fourier transform C(£,£') of 

^(Ko,k) = — — 

ikq — e{k) 

as in Proposition IV. 8. The interaction is 



V(V>) = / V (xi,X2,X3,x 4: )i)((x 1 ,i))il)((x2,o))i)((x 3 ,i))il)((x 4 ,o)) dxidx 2 dx 3 dx 4 

J(IRx]R 2 x{t,U) 4 

We shall, at various places, assume that V has a number of symmetries, that we abbreviate 
by single letters — translation invariance (T), spin independence (S), conservation of particle 
number (N), "/c -reversal reality" (R) and "bar/unbar exchange invariance" (B). Precise 
definitions and a discussion of the properties of these symmetries are given in Appendix B. 
Formally, the Green's functions of the many fermion system are 

/n 

where Z = J e v ^dfic(ip)- The generating functional for these Green's functions is 

S((j>) = i J e^e v ^dficW 
where the operator J has kernel 

(1 if a = 1, a' = 

j((xo,x,a,a),(x' ,x.',a',a')) = 8(x - x' )8(x - x.')8 a ^ < -1 if a = 0, a' = 1 (VI. 1) 

1 otherwise 
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so that the source term has the form 



(f>Jip = J d£de 0(£)J(£,£W) = J dx 4>{x)i){x) + 4,{x)<j>{x) = if;J<f> (VI.2) 
The generating functional for the connected Green's functions is 

S(0)=log! J e ^e y W dfjicty) 
and the connected Green's functions themselves are determined by 

Q{4>) = z2 WW / n dxidyi G 2n (x 1 , y u ■ ■ ■ , x n , y n ) U <p(xi)<j)(yi) 

n=l J i=1 i=1 

The relation between the connected Green's functions and the amputated connected Green's 
functions is 

/n n 
EI dx[ dy[ ( n C(xi, x'i) C{y[, y t )) G™ p (xi, y[, ■ ■ ■ , x' n , y' n ) 
i=l i=l 

for n > 2, and 

G 2 (x,y)-C(x,y) = J dx' 'dy' C(x,x')C(y' \y) G^{x\y') 

In a multiscale analysis we shall estimate the position space supremum norm of 
connected Green's functions and the momentum space supremum norm of connected ampu- 
tated Green's functions. We fix ro > 2 and control the Green's functions, including up to 
ro derivatives in the ko direction. In §VII, we introduce a variant, O, of the renormalization 
group map O for use with the connected Green's functions. In §VIII, we introduce the scale 
decomposition that will be used for the multiscale analysis. Using the results of Part 1, we 
discuss the map O, for the first few scales. The discussion will be sufficiently general to 
allow the absorption of a (renormalization) counterterm in the dispersion relation. In §X, we 
introduce norms for use with the amputated Green's functions and discuss the map O, for 
the first few scales. Notation tables are provided at the end of the paper. 
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VII. Amputated and Nonamputated Green's Functions 



Definition VII. 1 The (unamputated) renormalization group map 0<7 with respect to the 
covariance C associates the Grassmann function 

n c (W)((f>,ip) =log± J e^ J(: e wi ^ +c) diJc(0 where Z = J e w{0 ^d/j c (O + 

to the Grassmann function W(<f>,ip). As was the case with Oc(W), Theorem 11.28 [FKTrl] 
implies that, under hypotheses that we will make explicit later, the formal Taylor expansion 
of (W) converges to an analytic function of W. 

Remark VII.2 

(i) In the situation described in the introduction, the generating functional for the connected 
Green's functions is 

S(0) = O C (V)(0,O) 

(ii) O obeys the semigroup property 

0<7i+C 2 = ^Ci ° 0<7 2 



In order to use the results of part 1 and [FKTrl] , we note the following relationship between 
0(7 and the renormalization group map 

O c (W)(0,V) = log^ye w ^ +c ^/xc(C) where Z = J e w ^d^ c (C) 
of part 1. 

Lemma VII. 3 

o c (w)(0,vo = |0JCJ0 + o c (w)(0,v + cJ0) 

= |0jCJ0 + o c (>v)(0,V) + J :o c (W)(0,V + C)-^c(>V)(0,V): c :e^: c d^c(C) 

where for any kernel B(rj,rj'), Be/) = J dr\ B{r],rf)<t>(r)') and 4>B(j) = f drjdrj' 4>(r))B(r),r)')(j)(r]') . 

Proof: By Lemma C.l, with replaced by J0, and (VI. 2), 

O C (W)(0,V) =loge-^ J ^ c ^)| | e wW,C+^+cj« ^ c(c) 
= loge^ JCJ ^ e «c(w)(^,v+cj^) 
= |0JCJ0 + O C (W)(0, V + CJ</>) 
3 



Also by Lemma C.l 
c (W)(</>, ^ + CJ<f>) = J :f2 c (>V)(0, V + C + C/#c ^c(C) 

= eJ W)CW) y : nc(W)(0,V + C):c e CJ< ^c(C) 
= | :O c (W)(^,V + C):c :e C ^: C ^c(C) 
= fi c (>V)(0,V) + 1 :^c(W)(0,^ + C)-^c(>V)(0,V): c :e^: c d// c (C) 



(VII.l) 



The aim of the next section is to estimate the (unamputated) renormalization group 
map, fi, with respect to the norms of Definition III. 9. The difference between the maps Qc 
and flc hes in the source terms as is described in Lemma VII. 3. The estimates for this 
difference are similar to, but easier than, the estimates for the map Vtc itself. 

Definition VII. 4 (External Improving) Let || • || be a family of symmetric seminorms on 
the spaces J- m (n). We say that the covariance C is T-external improving with respect to this 
family of seminorms if, for each m > 0, n > 1, there is an i with 1 < i < n such that 



Antext jdC.dC,' J(v m +i,c)C(c,C) f(vi 



< r 



for all / G Tm{n). Recall that Ant ex t was introduced in Definition II. 9 of [FKTol]. Observe 
that the function on the left hand side is in jF m+1 (n — 1). 



Lemma VII. 5 Let || ■ || be a family of symmetric seminorms and let the covariance C be 
r -external improving with respect to this family of seminorms. Let f((f>, ib, () be of degree p' 
in (. The integral J \ /(0, ijj, Q ; c c \ [(/>J"C] P ; c c dpc(C) vanishes unless p = p' and then 



< pir* 



Proof: Observe that (f)J^ = e A x <g> V. By Definition VII.4 and 

Definition III.l of [FKTol], 

|| Con c (Antext ® cf>JiP)) \\ < T \\h\\ (VII.2) 
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for all h G A m <g> V® n , m > 0, n > 1 and some 1 < z < n. Observe that h <g> 0Jt/> G 
(A m <g> V® n ) <g> (Ai <g> V) = A m <g> Ai <g> V® n+1 , so that Ant ext (/i ® 0JV>) G A m+1 <g> V® n+1 
and Con c (Ant ext (^ ® 0J"VO) e ^m+i ® V® n_1 . 
Set 

y(0,V,C,C / ) = /(0,V',C) [W] p 
By Lemma 11.13 and Remark 11.12 of [FKTrl], p times, starting with /(£,£',£") = 

J:mM: CtC :[0JC] P : cc ^c(C) = / M0,VsC,CO:<,c'] c , K 4MC) 

= /[ : Cone CO : C,C'] c=c ^c(C) 

= | [: CQr/^^COd^K) 
= Con^^(0^,C,O 

c-c 

if p' > p, since then Conc p -0, (') is independent of £ and (' . If p' > p, 
Conc p ^(0, £, £') = 0. If p' < p, Conc p #(0, V 7 ) C CO is °f degree in £ and of degree 

c-»c c->c 

p — p' > in C and the integral = J [: Con<7 P g((f), ij), (, c'] t ,_^dfic(C) again vanishes. It 
now suffices to apply Definition II. 9 of [FKTrl] and (VII. 2), p times. ■ 



Proposition VII. 6 Let 7 > and a > 1 obey ^ < |. Le£ 

w / (0,v) = >v(0,v + c^) 

7/C is "fb -external improving 

N(W' - W; c, b, a) < ^ iV(W; c, b, 2a) 

Proof: Write W(0, V) = £ m , n W ro ,n(0, with W m , n G A m [n] and 

n 

W(0, ^ + C) = Yl WrnAt, ^ + = EE W m , n _ p , p (0, V, C) 

with W m ,n-p,p G A m [n -p,p]. By Lemma 11.22. iii of [FKTrl] 

||W m ,„_ p>p || < (J)||W m>B || 
5 



Then, by (VII. 1), 

= | :W(0,V' + C)->v(0,V): CiC :e ^ c : c ,c rf ^(C) 

v , n f 

= E £ pr /:W m , n _ p%p ,(^V,C): c , c :(^O p : c , c ^c(C) 

TO>1 

n r 

= E ^pT '■Wrn,n-pA<l>,M-- < c ' (W 1 C C (0 

«>i 

By Lemma VII. 5 

,n-p,p ,n-p,p|| 

<p!(;)( 7 b) p ||W m , n || 

so that 



n-p 



iV(W - W; c, b, a) < £ £ £ pT« n - p b 

m>0 P =1 
n>l 

n 

E (Z)(2) p ° n b n l|w m , 

n>l 



m,n-p,p ■ 



:(^JC) p : C)C ^ c (C) 



a n b n \\W, 



m,n | 



n>l 



Applying 



we have 



(1 + X) n _ 1 < 7 n (l + 7)— 1 < 7 m"/! + 7)^ < 7 2 r 

V a.) — a V a/ — a\2/ V a/ — a 

N(W-W; c,b,a) < £ ^ i£2 n a n b n || W m>n || 

n>l 

< ^iV(W;c,b,2a) 



,n-l 



Corollary VII.7 Let 7,7' > and a > 1 wit/t ^ < ^. Let 

W K ((f>^) = W(cf>^ + C K Jcf>) 
If Cq is 'jb-external improving and ^C k \ k _ q is ^'h-external improving 

N &W' K \ K=0 lc,b, a )<2£ iV(>V;c,b,2«) 
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Proof: Define D z = C + z^C k \ k=q and W'J((f), ip) = ip + D z Jc/>) - W(<f), ip). Then 

^b"^| K=0 = 1I^z\ z= q- Furthermore, applying the triangle inequality directly to the Defi- 
nition VII. 4 of "external improving", we see that D z is (7 + |z|7')b-external improving. As 
7+ ^ 7 < I for all \z\ < g^j, Proposition VII. 6 implies that 

N(WJ;c,b,a) <lN(W; c, b, 2a) 

for all I z I < g^-. The Corollary now follows by the Cauchy integral theorem, applied with 
contour the circle of radius centered on the origin. ■ 

Similarly to Lemma V.l, we have 

Lemma VIL8 Let p m -n be a sequence of nonnegative real numbers such that p m ;n' < Pm-,n 
for n' <n. Define for f G T m {n) 



- Pm;n \\j \\ l,oo 

where ||/||i,oo is the Li-L^-norm introduced in Example II. 6. Let C be a covariance and V 
obey 

r > ai»=i|||C||| loo foralln>l 
T > IIICIIloo for all m, n > 1 

Then C is Y -external improving with respect to the family of seminorms || • ||, in the sense of 
Definition VII. 4. 

Proof: Let / G JF m (n) and set 

g(vi,---,v m +i ;£i,--.£n-i) = Antext J 4(d(' J(r/ m+ i,c)C(c>C') f(vi,---,v™ ;£i-">£»-i>C'>£i>--,£n-i) 
If m = 

|||^|||l,oo<|||/|||l,oo|||JC||| 1 , 00 =|||/||| 1 , 00 |||C||| 1 , 00 

by Lemma II. 7. If m 7^ 0, 

INI|l,oo< |||/|||l,oo|||jq||oo = |||/|||l,oo|||C'||| 00 

Since (7 G ^ m +i, ||<7||i,oo = |||fi , |||i,oo- The Lemma now follows from the hypothesis on V. ■ 
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VIII. Scales 



From now on we discuss the situation that the dispersion relation e(k) has zeroes 
on the support of the ultraviolet cutoff U(k); in other words, that the Fermi surface F is 
not empty. Then a single scale analysis as for insulators is not possible because there is an 
infrared problem due to the singularity of the propagator tfc ^ie( k ) on the set 

{(fco, k) G TR x M d \k = 0, e(k) = 0} 

which can be canonically identified with the Fermi surface. This singularity causes the Li-L^ 
norm (in position space) of the propagator to be infinite. 

To analyze the singularity at the Fermi surface, we introduce scales by slicing mo- 
mentum space into shells around the Fermi surface. We choose a "scale parameter" M > 1 
and a function v G Co°([j^, 2M]) that takes values in [0,1], is identically 1 on [j*j : M] and 
obeys 

oo 

J2^{M 2j x) = 1 

3=0 

for < x < 1. 

The scale parameter M is chosen sufficiently big (depending on the dispersion rela- 
tion e(k) and the ultraviolet cutoff U(k)). The function v may be constructed by choos- 
ing a function (p G Cq°((— 2,2)) that is identically one on [—1,1] and setting v(x) = 
(p(x/M) — ip(Mx) for x > and zero otherwise. Then v{x) vanishes for x > 2M and 
x < jj and is identically one for ^ < x < M and p(M 2 ^x) = tp(x/M) for x > 0. 

Definition VIII.l 

i) For j > 1, the ,7 th scale function on B x lR d is defined as 

vV\k) = v(M 2 i(kl+e(k) 2 )) 

By construction, is identically one on 

{ fc=(*o,k)GRxR d | ^ < \ik - e(k)\ < VM^j } 

The support of i/k') is called the j th shell. By construction, it is contained in 

{ k G H x JR d | ^- < \tk - e(k)| < V2M^j } 
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The momentum k is said to be of scale j if k lies in the j shell, 
ii) For real j > 1, set 

u^- j \k) = ip(M 2j ~ 1 (kl + e (k) 2 )) 

with the function </? introduced just before this definition. By construction, is identically 
1 on 

{ fc G IR x IR d | \ik - e(k)| < v 7 !^ } 
Observe that if j is an integer, then for \iko — e(k)| > 

The support of i/^') is called the j th neighbourhood of the Fermi surface. By construction, 
it is contained in 

{ k G IR x JR d | |iJfeo - e(k)| < V2Mjjj } 

Remark VIII. 2 Since the scale parameter M > 1, the shells near the Fermi curve have j 
near +oo, and the neighbourhoods shrink as j ; — > oo. 

Conventions VIII. 3 

i) We choose M so big that v^(k) < U(k) for all k = (k , k) G IR x IR d . 

ii) We also use the notations 

v&)(k) = E v {l) (k) 

i=0 

iii) Generic constants that depend only on the dispersion relation e(k) and the ultraviolet 
cutoff U(k) will be denoted by "const" . Generic constant that may also depend on the scale 
parameter M, but still not on the scale j, will be denoted "const". 

For technical discussions we also need a set of functions that "envelope" the various 
shells. We set v = <p(x /M 2 )—(p{M 2 x) for x > and zero otherwise. It is in Co°(( 2M 2 )), 
takes values in [0, 1] and is identically 1 on [j^, M 2 } and hence on the support of u, assuming 
that M > 2. 
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Definition VIII.4 

i) For j > 1, the j th extended scale function on B x JR d is defined as 

= i> (M 2 \k 2 + e(k) 2 )) 

The support of is called the j th extended shell. It is (for j > 2) contained in the union 
of the (j — l) st , j th and (j + l) st shells. In fact, if M > 2, z/( J ) is identically 1 on the j th shell 
and, if j, M > 2, + + z/( J+1 ) is identically 1 on the j th extended shell. 

ii) By definition, the j th extended neighbourhood is the union of the i th extended shells with 
i > j. It is (for j > 2) contained in the (j — l) st neighbourhood of the Fermi surface. The 
function 

v^){k) = ^(M 2 ^ 2 (k 2 + e(k) 2 )) 
is supported on the j th extended neighbourhood and identically one on the j th neighbourhood. 

iii) Set 9^\k) = (p{M^~ z {kl + e(k) 2 )) = v^- x \ Then 9^\k) is identically one on 
the j extended neighbourhood. The support of V^ft is called the j doubly extended 
neighbourhood and is contained in { k e M x IR d | \ik - e(k)| < V2M 3 / 2 jjj } . 

Observe that the ultraviolet cutoff U(k) does not depend on ho, so that the prop- 
agator tfc ^g( k ) is not compactly supported. However, we can use the results of part 1 to 
integrate out the ultraviolet part of the model in the /co-direction and to pass to a model 
whose propagator is supported in the second neighbourhood. We choose to pass to a model 
supported in the second, rather than first, neighbourhood because the second doubly extended 
neighbourhood can be made arbitrarily small by choosing M sufficiently large. 

In the renormalization group analysis we shall add a counterterm Se(k) to the dis- 
persion relation e(k). 

Definition VIII. 5 Let \x > 0. The space of counterterms, £ M , consists of all functions <5e(k) 
on M d that are supported in { k e IR d | U(k) ^ } and obey 

||£e||i j00 < /i+ °°t S 

8=^0 

where 5e was defined just before Definition IV. 10 and the norm || • ||i j00 was defined in 
Example II. 6. 

Recall, from Definition IV.10 that c = E t s + £ oot s £ yt d+1 and 

|«|<r \6\>r 
|<5 |<r or |5 l> r 

to(X) = , for X e m d+1 with X < 1. 
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Theorem VIII. 6 Fix j > 1 and set, for Se G S^, 



u {K,oej - lA . _ e(k)+(5e ( k ) 



Define the covariance Co(5e) by 



J j^he*< k >*- x '>-C (k;Se) if a = 0, a' = 1 
Co(£,£';<te)= <j o i/a = a' 

-Co(e',e;^) i/a=l,a' = 

/or £ = (x,a) = (xo,x,a,a), £' = (x',a') = (x' Q , x', a 7 , a'). Then there are (M and jo- 
dependent) constants b, (3q, Eq, const and p > swc/i £/m£, /or a// (3 > (3q and e < Eq, the 
following holds: 

Choose a system p = {Pm;n) mn£mQ , of positive real numbers obeying p m -n-i < Pm;n, 
p m +i-n-i < Pm-n and /9 m+m / ;n+n /_ 2 < p w ; n P >m> >' • For an even Grassmann function 



m,n>0 Jg™+" 



m-\-n even 



kernels W m ^ n that are separately antisymmetric under permutations of their r\ and 
£ arguments and X G Wld+i with Xq < 1, set 

N (W;p;X,p) = t (X) £ ^ \\w m ,n\\ l,oo 

m + n>2 
m-\-n even 

Let X G OTd+i with Xo < \. The formal Taylor series &c (6e){V) converges to an analytic 
map on { (V(V>)» | V eren, iV (V; 32/3; V, p) < £e (X) , 5e G £„, \\\6e\\\ lt00 < X }. 
Furthermore, for all be G with ||5e||i i00 < X and all even Grassmann functions V(ip) 
with iV (V;32/3;X,p) < et (X) , one has 

and 



Proof: By Proposition IV. 5 (with x = i^ >J '°) and e replaced by e — 8e) and Proposition 
IV. 11, there is a constant const ! such that S(C (5e)) < const ! , |||Co(o"e)||| 00 < const ! and 

||Co(^e)||i )00 < JconstiCodl^lli.oo) 
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Set || • || = Pm;n\\ • ||i,oo for functions on B m x B n . Set b = 4const 1 and c = cons^ c (X). By- 
Lemma V.l, with respect to this family of seminorms, b is an integral bound for Co(Se) and c 
is a contraction bound for C (5e). Furthermore, by Lemma VII. 8, C (5e) is const i-external 
improving. 

For any Grassmann function W(</>, ip) let iV(>V; c, b, a) be the norm of Definition 
III. 9 with respect to the family of seminorms || • ||. Set a = ^. Then, as c = jto(X), 
N(W;c,b,a) = ±N (W; /3; X, p) and, if V = :V': Co(5e) , 

N(V;c,b,a)<±N (V;2p;X,p) 
N(V - V; c, b, a) < ^ N (V; 2(3; X, p) 

by Corollary 11.32 of [FKTrl] . 

To prove the first part of the Theorem, set V = :V':c (Se)- Then the hypotheses of 
Theorem III. 10 with C = C (5e) and W = V are fulfilled. Therefore, 

±N (n Co(5e) (V) - V; p; X, p) < N (n Co{Se) (:V : Co (5e)) ~ V; c, b, a) +N(V- V; c, b, a) 

< 2 AMV^b^a) 2 , N ( V ; y . h \ 



< -2- 

' v2 



a- 2 1- 



~3 — r 



i\T (V;16/3;X,p) 1 2/3 



+ ^iV (V;2/3;X,p) 



eo(X) ; 



- W l-^eo(X) 

< 0eo(X) 



+ 



eb 
2p 



to(X) 



since £o is chosen so that jpS < \ and, by Corollary A.5.ii, 1 _^l^ x - ) < const Cq(X). By 
Lemma VII. 3 and Proposition VII. 6, 

(n Co(5 e) (V) - \<j>JC Q {8e) Jcj> - V; (3; V, p) 

= N (n Co{Se) (V)(cf>, ifi + C (5e)J<p) - v(V0; # p) 

< iV (0 Co (5e) (V) (0, V + Co (<Se) J<j>) - Co (5e) (V) (cf>,^);p;X,p) 

+ N (0 Co(5e) (V) (0, V) - V(^); /3; X, p) 

< ^iVo(fi Co( 5 e) (V);2/?;X,p) + ^eo(X) 



4a 

_b_ 

4/3 

eb 



< 
< 



No (0 Co ((5e) (V) - V; 2/3; X, p) + N (V; 2/3; X, p) 



, 4ebJ 

/3 2 



e (*) 



^e (X)+ £ e (X) 



+ 



4eb" : 



eo(X) 



The joint analyticity in V and 5e follows from Proposition IV. 11 and Remark III. 11 of [FKTrl]. 
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Finally, we prove the bound on [0 Co((5e+S(5e0 (V)(>, ip) - \(j)JC {8e + s8e')J(j)\ g=Q . 

As 

<Lc n (k-Se+sSe')\ - u ^- u(>j °^ k \. 5r'(h) 
ds u {K,oe + soe )\ s=Q - [lA , Q _ e(k)+5e(k)] 2 oe (Kj 

Proposition IV. 3. i, Proposition IV. 8. i and Proposition IV.ll.ii give that 



S{^-C Q {8e + s8e')\ s J < const! ^Pe'||| 1)00 
|||iC (5e + ^e')| s=0 ||L < const! 
^C (Se + s6e')\ a=Q \\ loo < ±consti c (||«s||i lOO ) ||^e 7 1| 1; 



Set b' = 4const 1 a/IP^IIIi^oo and c' = const! to(X) \\8e'\\i j00 . By Lemma V.l, |b' is an 
integral bound for j^C (5e + s5e') | and c' is a contraction bound for ^C (5e + s5e')\ s=Q . 
Furthermore, by Lemma VII. 8, ^Co(8e + sSe')\ s=Q is const! IH^e'Hli^-external improving. 

Define C K = Co(5e + n8e') and W K by :W K :c K = V. Even when a is replaced by 2a, 
the hypotheses of Lemmas IV. 5. i and IV. 7. i of [FKTrl], with /j, = 1, are satisfied. By these 
two Lemmas, followed by Corollary II. 32. hi of [FKTrl], 

N(^c s (V) | s=Q ; c, b, a) = iV(^fi Cs (:W s : Cs ) | s=0 ; C, b, a) 

< (:V: C .) | s=0 ; c, b, a) + N^-Q Co (:W s : Co ) | s=0 ; c, b, a) 

< i rrf^Sk) const i *>(*) H^lli.00 

+ {l + £ izfgjgS&HiW.U; Cb, 2a) 

1/1,2 Ar(V / ;c,b,8a) ] \\Se'\\ Uao y/y h , \ 

< const ^e (X) ||5e'||i 50O 

as above. By Lemma VII. 3, Proposition VII. 6 and Corollary VII. 7 

No(%- s [nc (5e+s5e')(V)(<t>,ip) - \<j>JC {8e + s8e')Jcj>\ s=Q ; /?; X, p) 

= iV (&n Co (fe+rfe')(V) (0, V> + C (5e + S 5e') J0) | s=0 ; # X, p) 

< N fan Co (6e+86e>)(V) {</>, i> + C (8e)J4>)\ s=0 ; (3; X, p) 

+ N (^0 Co(5e) (V) (0, ^ + C (8e + sSe') J<£) | s=0 ; /3; X, p) 

< £iV (&nCo<*e+rfe0(V);2#^^ 

< const ^e (X)||5e / || 1;OO + ^c (X) \\8e'\\ lj00 

< f e (X)||te'||i,oo 

as above. ■ 
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Remark VIII.7 



i) Let 

n even J B n 

as in Theorem VIII. 6. Since Cq < const Co, if 

E(32/3) n p ;n||K||l,oo < ^fbt C ° 

then the hypothesis N (V; 32/3; X, p) < eto(X) is satisfied. 

ii) Observe that Qc (V) does not depend on 0, while O^o (V) does. 

iii) In the applications we have in mind, there is a small constant A > (the coupling constant) 
and a small number v > such that 

_ J u)(m + n-2)/2 if ?Tl + fl > 4 

^ m;n Ixo^T ifm + n = 2 

Then the hypotheses on Pm-n in the Theorem are fulfilled. 

Remark VIII. 8 The norms of Theorem VIII. 6 are too coarse for a multi scale analysis of 
many fermion systems. See [FKTfl, §11, subsection 7]. In the notation of this paper, this 
may be seen as follows. For simplicity, set r = ro = 0. Let 

The condition 

P0;n+n'-2 < P0;n P0;n' 

with n = n' = 2 implies that po;2 > 1 and hence po;n > 1 for all n > 2. From Proposition 
IV. 3. i one deduces that is an integral bound for A direct application of Proposition 
IV. 8. i and Lemma V.l gives the poor estimate M d i t° + E 00 t S f° r a contraction bound for 

|«5|>0 

A more careful argument in which one 

• decomposes = Eses Cs 7 '' mto Af( d_1 ^/ 2 terms each having the projection of 
k onto the Fermi surface restricted to a roughly rectangular region of side M~ J / 2 
(see Definition XII. 1 of [FKTo3] for the precise construction) 

• applies Proposition IV. 8. i to obtain \\\ci^ |||i j0 o < const M J for all s E £ 

yields const 1° + E oot" 5 as a realistic contraction bound. Thus, for an even Grass- 

|<5|>0 

mann function 



oo 



n=0 . 
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the norm N(W; c, b, a) of Definition III. 9 has 

Ar(W;c,b,«)o = constM^ J |^po;2|||W 2 |||i,oo + j£j Po ; 4 |||W 4 |||i i00 

+ J2 (const ^j) n p ;2n ||| W^2n||| l,oo [ 
n>3 ; 

In particular, for iV(W; c, b, a)o to be order one, it is necessary that |||W4|||i j00 is of order 
— jbj— . For <i > 2, this is not even the case for the original interaction V, with all momenta 

restricted to the j shell. 
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IX. The Fourier transform 



Theorem VIII. 6 and its higher scale analog, Theorem XV. 3, shall be used in a 



renormalization group flow to obtain estimates on the suprema of connected Green's functions 
in position space. We wish to also obtain estimates on the suprema of certain connected 
amputated Green's functions in momentum space. In section X, we introduce norms tailored 
to that purpose and prove an analog of Theorem VIII. 6. In this Section, we set up notation 
and concepts for the passage between position space and momentum space that will be needed 
to do that. 



In Remark VIII. 8, we pointed out that estimates based on integral and contraction 



momentum space. The reason is that conservation of momentum is not exploited effectively. 
In the case d = 2, this difficulty can be completely overcome by introducing sectors, see 
[FMRT], [FKTr2 §X], [FKTfl §11, subsection 8] and Section XII. They localize momenta into 
small pieces of the shells introduced in Definition VIII. 1. The discussion of this section is 
also useful for that purpose. 



bounds of the propagator 



ikg — e(k) 



are worse than those one expects by naive power counting in 



To systematically deal with Fourier transforms, we call 



B = H x M d x {t, |} x {0,1} 



"momentum space". For £ = (k, a', a') 
we define the inner product 



(ko, k, a', a') G B and £ = (x, a) = (xq, x, a, a) G B 



<£,£> = k'.atfa'.a ("1)° (k,x) 



Sa',v&a',a (-1)° ( ~ ^qXq + k X Xi H h k d X d ) 



characters' 



u a,a u a',a c - 



i{-l) a (-/c x +kixiH hk d x d ) 

-i{-l) a (-fc a:o+kixi+---+k d x £ i) 



and integrals 





<76{T,I} 



<76{T,I} 



For £ = (k, a, a), £' = (k', a', a') G B we set 



( + i' = (-l) a k + (-l) a ' k! G H x H' 



d 
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Definition IX. 1 (Fourier transforms) Let f(vi,—,Vm;Zi,—,Z n ) be a translation invariant 
function on B m x B n . 

i) The total Fourier transform / of / is defined by 

/m n 
II E + (fji,r)i)dr]i [I E +(ij,€j) d ij f(m,-,v m ;Zi,-,£ n ) 
i=l j=l 

or, equivalent ly, by 

11 ( 27r )d+l 11 ( 27r )d+l /l l '7l>-.»7m;$l,-",€nj ) 0(.mH H^m+ClH h£„ J 

i=l j = l 

/ is defined on the set { (fji,--,Vm;ii,--,L) e B m x B n \ fji+-+fj m +€ 1 +-+£ n =o }. 

If m = 0, n = 2 and /(£i,£ 2 ) conserves particle number and is spin independent and 
antisymmetric, we define /(fc) by 

f((k,a,l),(k,a',0)) = S a ^'f(k) 

or equivalent ly by 

f(k) = J ^e'<^>-/((0,a,l),(y,M)) 

ii) If n > 1, the partial Fourier transform /~ is defined by 

./"'"('/ ) = J (yY[ E+(j]i,r]i)dr]i^ f(vi,-,Vm;Zi,-,Sn) 

or, equivalent ly, by 

/(»7i,-",f?m;£i,-",£n) = y ^ EI E-(ViiVi) (2^+1 ) /~(»?l'—''?">;^l' , "^n) 
If n = 0, we set /~ = /. 

Remark IX. 2 Translation invariance of / implies that for all £ e 1R x JR d 

/~(f>i,-,<Jm;ii+t,-,€n+*) = e*^ 1+, " +i}ro ' t> - 

This is what we mean when we say that ll f~(fji,---,Vm;ti,---,tn) is translation invariant". 
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There will be two different situations in which we wish to associate a two-point 
function B in position/spin/particle-hole space, £>, to a function B(k) in momentum 
space that has no spin/particle-hole dependence. In the first case, treated in Definition IX. 3 
below, £') is a propagator and so is spin-independent and particle number conserving, so 
that vanishes unless one of is particle and the other is hole. In the second case, 

treated in Definition IX. 4 below, convolution with B(£, £') corresponds to pure multiplication 
by B(k) in momentum space. This is used to, for example, introduce partitions of unity in 
momentum space. In this case £') is diagonal in the particle/hole indices. 

Definition IX. 3 (Fourier transforms of covariances) If C(k) is a function on IR x K d , 
we say that the covariance C (£,£') on B x £>, defined by 

fj£$he*< k >*-*'>-C(k) if a 
C((x ,x,a,a), (xq,x' ,a',a' )) = < if a 

y — C((a/, a', a'), (x, u, a)) if a 

is the Fourier transform of C(/c). 

As in part (ii) of Proposition IV. 3, we use the notation 
Definition IX. 4 If x(k) is a function on IR x IR d , we define the Fourier transform x by 

ma = <w<w / e (-i)°«<M-x'>_ x(fc) ^ 

for ^ = (x, a) = (xo, x, a, a), ^' = (x', a') = (x' Q , x', a', a') G i3. 
Lemma IX. 5 

i) Let C{k) be a function on IR x IR d and C(£, £') t/ie associated covariance in the sense of 
Definition IX. 3. Then 

CJ = C (JCJj(k) = C(k) 

where J was defined in (VI. 1), C was defined in Definition IX. 4 and f(k) was defined in 
Definition IX.l.i. 

ii) Let x(k) and x'(k) be functions on IR x JR d . Then 

J x(e,e // )x / (e // ,e / ) = x?(e,o 



= 0, a' = 1 
= a' 

= 1, a' = 
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Hi) Let x(k) be a function on IR x IR d . Then 

(Jx)(k) = X (k) 

Proof: The proof of this Lemma consists of a number of three or four line computations. 



In a renormalization group analysis we will adjust the counterterms in such a way 
that, at each scale, the Fourier transform of the two point function is small on { k = (/c , k) G 
IR x IR d | k = 0}. Then the absolute value of the Fourier transform of the two point 
function at a point (/co,k) can be estimated in terms of \ko\ and the ko derivative of the 
Fourier transform of the two point function. The following Lemma is used to make an 
analogous estimate in position space. 

For a function f(x) on IR x IR d , we define 



l 1 ~ E s\ 

(5eINoXlNg 



\x s f{x)\d d+1 x 



Lemma IX. 6 Let be a translation invariant function on B 2 that satisfies 

w(((o,k),cr,a),((o,k'),cr',a')) = 0. Furthermore let x(k) be a function on IR x IR d . For x G IR x IR d 
set 



D i<k,x>. 



X(k) 



d d+1 k 

(27T) 



d + 1 



so that for £ = (x, a, a), £' = (x', a', a') G B 

= <W<W x '((-ir(x-x')) 

Then 
i) 



dvx(£,,v)u(v,t') 



< 



l,oo 



- II 9x IlL 1 11^1, 



(l,0,-,0) 
2 



iu,oo ^ 

SeTN xM™ 



T) (l,0,-,0) 
^1,2 



y drjx(£,v)u(v,£') ^31^x111,^ + \\xo^\\ L i^\\v{]2 0, 



.0) 



1,00 



+ E 00^ 



5GM XINg 
5 0> r 
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Proof: i) Fix £ = (x, a, a), £' = (x\ a', a') G £>. By translation invariance 

J dvx(Z,v)u(v,Z') = J dyx'((-i) a (x-y))u((y,a,a),(x',a',a')) 

= J dy X '((-i) a (x-y))u((y-x\a, a), (0, a', a')) 
= J dyx'((-i) a y) v(x - x - y) 
where v(y) = it((y, a, a), (0, a', a')) . By hypothesis 

J dy v{y , y) = for all y G IR d 

Therefore 

*, *fc, ,) «(* - / * (^((-D-y) - X ((-D.(x - 4, y))) «(x - * - y) 

= / <*y ^^^^l;^) 1 -^ " 1 ""^ K g ° ~ x 'o - yo) *(* - *' - v)] 

= (-i) a+1 J dy 1^ ds§^((-ir(sy + (l- s)(x - x' ),y)) 



V 



(1,0, --,0) 
1,2 



U 



{{x - x' -y,<r,a), (0,a',a)) 



= (-D a+1 J dy jf * ds £j£ ( { -ir(sy + (1 - s)(x - x' ), y)) 2>^'-' 0) «((a; - y, a, a), £') 
Consequently, for fixed £' G £> 
| | Jdnx(Z,T,)u(r,,e) 

<E / / dxdy f dx dy ^((-iy(sy + (l-s)(x -x ),y)) 

a, a JO J J 



X>J^ ''"' 0) m((x - 2/o, x - y, a, a), £') 



dxdy / da dp 



§S((-ir(Ay)) 



I>5 '-' 0) «((a,x-y,a,a),0 



- Ilaxo IlLi ll^l 



(1,0, --,0) 



l,oo 



(IX.l) 

Here we used, for each fixed s, the change of variables a = x$ — yo, (3 = syo + (1 — s)xq . 
The integral f d£' J drj rj) u(rj, £') , for fixed £ G £>, is treated similarly. 
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By Leibniz's rule (Lemma II. 2) and (IX. 1), 

0=0 J J 



< E E (JJ i.jdt jd V (2>? >2 x) (e, 17) (l?f, 2 «) (V, 

5o=0 a,/3eIN XIN^ 
a + /3 = 5 



< E E Q !/3'!\l <'<'<< 
a,,=0/3 =0 



- V V ^-i-l r a ^— y' \\V p 7> 

- 2s 2^ a ! j3\ IF dx * IlLi 11^1,2^1,2 



q y'II ||t)( 1 a-,o) I) /j „|i I A 

X \\ L i ||^l,2 U l,2 U \\l,oo\t=0j 

I l,oo L=o) 



(3 ^(l,0,---,0) 



< 11-^1 II 117)' 
- 9xn r^i 



(l,0,-,0) 



dx II L 1 



l,oo 



ii) By Leibniz's rule (Lemma II. 2), part (i) of this Lemma (applied to J^) and Lemma II. 7 



E fi|||^iX2 '-"' 0) /^x(e,r/)^,o 



56lN xINg 



l,oo 



< 



E E r^r°')^ f d ^h^)vt^M) 



a+/3=5 + (l,0,---,0) 



l,oo 



^ E E U&°;.;5U) £ ||| / *> ^XT^t, ?) o 



a'+/3=«, /3 =0 



+ E E C?ftf A) * II / *> »> <>& "'" 0) «h, ?') 



l,oo 



(56lNoXlNg a,,3'eIN XINd 
a+0'=5 

< E W + 

a',/3GIN XIN^ 
O =O 

+ £ («o + /5 + l)S^ 

a,/3'€]NoX]Ng 

^ \ a 0+ L ) a '\ f3\\\dx X * Hli \t=0 111^1,2 ^l,2 W |||i 5 



l,oo 



l,oo 



l,oo 



a',/3GIN XIN^ 
/3 =0 



+ e («o+^+i)s^k 2 xiii 1i00 ik 2 ^: 



fi' T j(l,0,-,0) 



It 



l.oo 



a,/3'6lNoXlNd 



< (r + l)((r + l)||xl|i,oo + lko£|| L1 + Hxlkoo) ||Z>&°' - ,0) «|| liOO + E oot 



56IN XINg 
*0> r 



since ^(z 



9_/™a'+(l,0,---,0) 



x'(x)) = K + /(x) + x Q 'xo^x'(^)- 



21 



X. Momentum Space Norms 



In this section, we introduce momentum space norms designed to control ampu- 
tated Green's functions in momentum space. The set of momentum conserving m-tuples of 
momenta is 

B m = { (771, • • • , fim) e B m I fa + • • • + i) m = } 

(we use the addition introduced before Definition IX. 1). We are particularly interested in 
the two and four point functions. In the renormalization group analysis we shall control the 
external fields in momentum space, while the fields that are going to be integrated out are still 
treated in position space. That is, we will estimate partial Fourier transforms of functions on 
B m x B n as in Definition IX.l.ii. Motivated by Remark IX. 2 we define 

Definition X.l A function / on B m x B n is called translation invariant, if for allteRx IR d 

f(m,-,fim;ii+t,-,$ n +t) = e ^i+"+'W>- /( „: i: .-.i,. ) 



Generalizing Definition II. 1 we set 



Definition X.2 (Differential— decay operators) Let m,n > 0. If n > 1, let / be a 

function on B m x B n . If n = 0, let / be a function on B m . 

i) For 1 < j < m and a multiindex 5 set 

Dj/ ( (Pl,Tl, 61 ),•••, (p m , T m , 6 m ); £1, •••,£„) 

= H-i) b >Y° n [-<-^} Se fVfV-'-fV/^^^),-,^^^)^,,-^) 

1=1 ' 3,0 

ii) Let l<i^j<m + n and 5 a multiindex. Set 

Dlj = (D t -D J ) s f iil<i<j<m 

Dljf = (Di - i 3 - m ) s f if 1 < i < m, m + l<j<m + n 

D^7 = (6 - Dj-m) 15 / ifm + l<z<m + n, l<j<m 

Df ;J ./ = (&_ m - Zj-m) S f = T>t_ mJ _ m f if m+l<i<j<m + n 

iii) A differential-decay operator (dd-operator) of type (m, n), with m + n > 2, is an operator 
D of the form 

D = D ^> ... D <5 M 
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with 1 < in 7^ ji < m + n for all 1 < £ < r. A dd-operator of type (1, 0) is an operator of the 
form D = Df (1) • • • Df } = D f 1) +-+s (r) _ xhe total order of D is £( D ) = s (i) + ... + 

Remark X.3 

i) Let D be a differential-decay operator. If / is a translation invariant function on B m x B n , 
then D / is again translation invariant. 

ii) For a translation invariant function ip on B m x B n 

D i;i(v~) = (^j^r 

In particular, Leibniz's rule also applies for differential-decay operators. 

iii) Let / be a translation invariant function on B m x B. Then, for £ = (xo,x, a, a) G B, 

f(m, ■ ■ ■ , Vm; = e *<*+--HU.<*°,*)>- f{fll , ...,f lm - (0, a, a)) 
Consequently, for 1 < % < m and a multiindex 5 

Dj. m+1 /(*,-,<U;€) = e ««H+--HU,(*o,x)>_ D * /( ^ . . . ^ (0j ^ a)) 

Definition X.4 For a function / on £? m , set 

11/11= E i Ddd max sup |D/( fll ,.,iu)| 

r __o D dd — operator - 1 1 

5eINoxIN^ with 4(D)=5 m,--,Vm€B 

Let / be a function on B m x £> n with n > 1. Set 

11/11= E ^ nH d max t su p |||D/(*7i.-^ m ;«i,-,e n )||| l00 

t- T.T „,o Ddd-oporator „ . . im±,uu 

JeiNoxisrg with «5(d)=5 vi,---,Vm&B 

when m < p < m + n . The norm ||| • |||i )00 of Example II. 6 refers to the variables 
That is, 

|||D/ (j?i,-,»?m;ei,-,^)||L = max sup / If d£j \D f (fj 1 ,---,fj rn -,£ 1 ,---4 n )\ 

1,00 l<j <n c. pi? / - LJ - 

3^30 

Remark X.5 In the case m = the norm || • \\i j00 of Example II. 6 and the norm || • || of 
Definition X.4 agree. 

In analogy to Lemma II. 7, we have 
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Lemma X.6 Let f be a translation invariant function on B m x B n , f a translation invariant 

function on B m ' x B n ' and 1 < fi < n, 1 < v < n' . 

If n>2 or n' >2 define the function g on B m+m ' x B n+n '~ 2 by 

9^Vl > " ' >Vm + m' iSl )' " >£p — 1 > + 1 " ' Cn + 1 >' ">£n + i> — 1 ! , ' " ,£„_)_„/ ) 



If n = n' = 1, define the function g on B m+m ' by 



Then 



h\\~< \\f\\~\\f'\\~ 



4 if n = n' = l 



otherwise 



Proof: If n > 2 or n' > 2, the proof is analogous to that of Lemma II. 7. Therefore we only 
discuss the case n = n' = 1. In this case, by Remark X.3.iii 

/ f(m,---,Vm;£.) f'(vm+i,---,fim+m'^) 

Jb 

= dx dx f(vi,---,ii m ;(0,cr,b))e^ fll+ +f,m + m,,< " °' ^~ f'(fi m+1 ,---,rj rn+m ,;(0,a,b)) 

J J <re{T,X} 

be{o,i} 

-\-m' 

■,(o,a,b)) (2n) d + 1 5(m + 

<re{T,l} 
&e{o,i} 

Consequently 

m + 1 j " ' )Vm-\-m f ; (0,a,6)) 

<r6{T,n 

be{o,i} 

The claim now follows by iterated application of the product rule for derivatives and Remark 
X.3.iii. The factor of 4 comes from the sum over a and b and is required only when n = n' = 1. 

■ 

Remark X.7 Let 



F(m, ■ ■ ■ ,f, m ) = j: _ J d d max _ |||D/(fa, i^; ) ||| 1>D / 

so that 



, ., dd — operator 

<56lNoXlN2 with 5(D)=<5 



sup F{f} U - ■ ■ ,f) m ) 
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(with the supremum of the formal power series F taken componentwise) and define 
G(fji, ■ • • , fi m+rn ') and F'(fi m+ i, ■ ■ ■ , fj m+rn ') similarly. The proof of Lemma X.6 actually 
shows that 



I- 1 c 

for all (f h ,---,f, m+m >)eB m + m '. 



f n = n' = 1 
otherwise 



Definition X.8 

i) For n > 1, denote by T m {n) the space of all translation invariant, complex valued functions 
/(»h>-">»7m;£i, ■■■>£«) on B m x B n that are antisymmetric in their external (= if) variables. Let 
•^m(O) be the space of all antisymmetric, complex valued functions f(f)i,---,fjm) on B m . 

ii) Let C(£,£') be any skew symmetric function on B 2 . Let / G jF m (n) and 1 < i < j < n. 
We define "contraction", for n > 2, by 

Cone f (vi,---,Vm;£i, ■■■,£„) = (— 1) J t+ d£id£j C(^,^) /(i7i,-",'7m;£i,-",£n) 

and, for n = 2, by 

Con c /(j?i,---,»7m) (27r) d+1 5(^+...+^ m ) = / dCidC 2 C(£i,fc) f(fii,-,ii m ;ii,^) 
1—2 7 

f m {n) consists of the partial Fourier transforms (as in Definition IX.l.ii) of trans- 
lation invariant functions (p G T m {n) as in Definition II. 9. Also, Cone ^ = ( Cone <p)~ , 

where Cone f is defined in Definition III.l. 

Corollary X.9 Let C (£,£') G ^o(2) 6e an antisymmetric function. Let m,m' > 0, n, n' > 1 
and / G jF m (n), f E J- m i(n'). TTien 

|| Cone Antext(/ ® /')lf < 4||C||i,oo||.f |f||/'|f 

1-m+l 



Proof: The claim follows by iterated application of Lemma X.6 and the observation that 
\\C\\~= ||C||i,oo by Remark X.5. ■ 
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We shall prove an analog of Theorem VIII. 6, for the momentum space norms of Definition 
X.4. By way of preparation, we first formulate the following variant of Lemma V.l. 



Lemma X.10 Let p m - n be a sequence of nonnegative real numbers such that p m - n ' < p r 
for n' < n. Define (locally) for f G J r m (n) 



- Pm;n 

where \\f\\ is the norm of Definition X.4- 

i) The seminorms \\ • \\ are symmetric. 

ii) For a covariance C, let S(C) be the quantity introduced in Definition IV. 1. Then 2S(C) 
is an integral bound for the covariance C with respect to the family of seminorms \\ • \\. 

Hi) Let C be a covariance. Assume that for all m, m' > and n, n' > 1 

Pm+m' ; n+n' — 2 — Pm;n Pm';n' 

and let c obey 

c>4||C|| 1)00 

Then c is a contraction bound for the covariance C with respect to the family of seminorms 

Proof: Parts (i) and (ii) are trivial. To prove part (iii), let / G /' G jF m /(n') and 

1 < i < n, 1 < j < n'. If n > 2 orn' > 2 define the function g on B m+m ' x B n+n '~ 2 by 

= J d(d('f(fi 1 ,---,ij m -^ 1 ,---,^i_ 1 ,C,^i+i,---^ n )C(c,C') 

f \Vm+l ;" '>Vm+m' ' £"+1 1' "i^n+j — 1 1 C > £n+j + l i " ' >£ n +n' ) 

If n = n' = 1, define the function g on B m+rn ' by 

g{vi,---,Vm+m') (27l) d+1 5(f n -\ \-V m + m ,) = j dCdC f(vi,---,Vm;C) C(CC') /' {vm+1 , ' ' ' ,Vm+m' ! C') 

or equivalent ly, by 

g{m,~-,f] m + m ') = J2 / d C f(m,---,Vm; (0,a,b)) C((0,a,b)X') / / (?7 m+ i,---,rj m+m /;C') 
<re{T,l} J 
&e{o,i} 
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Con c Ant ext (/ <g> /') = Ant ext g 



Then 



and therefore 

|| Con c Antext(/®/ / )|| < M 

As 

Nf< 4||/|f ||C|| 1)00 ii/'f 

and consequently 



Con c AnW (/ ® /')|| < 4p m+m>+n ,_ 2 ||C||i i00 ||/|| ||/'| 

< Cp m;n ll/H Pm';n'\\f'\\ 

= c H/ll H/'ll 



The analog of "external improving" for the current setting is the following Lemma. We shall 
later, in Lemma XVII. 5 of [FKTo3], prove a general scale version. Let (Pm-n) m ne - SNo be a 
system of positive real numbers and X e with X < 1. For an even Grassmann function 

WO, 1p) = J2 / dVi-dVm d£i-d£„ Wm^m-rirn,^,-,^) <j)( Vl ) ■ ■ ■ (j){r, m ) ^(Ci) • • • V-(^) 

m,n>0 J Qrn + n 



*B 

m-\-n even 



with kernels W m ^ n that are separately antisymmetric under permutations of their rj and £ 
arguments, define 

iV ~(>V;/?;X,p) = e pO E /? m+n Pm;n|| W~ n |f 

■m + n>2 
m+n even 

where II • II is the norm of Definition X.4 



Lemma X.ll Let (Pm;n) mn€]No be a system of positive real numbers and X e Ot^+i wif/i 
Xo < 1. There are constants const and Yq, independent of M , X and p such that the following 
holds for all V < F . Let C(k) be a function that obeys \\C(k)\\~< ^ p ^ n n _ x t (X) for all 
m > 0, n > 1 and let C (£,£') be the covariance associated to it by Definition IX. 3. 

i) Let W(<f>,ip) be a Grassmann function and set 

W(</>,^) = W(</>,^ + CJ</>) 
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Then 

N~ {W -W;0;X,p)< const T JV ~ ( W; 2/3; X, p) 



ii) Assume that there is aY e Vl d+1 such that \\C'(k)\\ < Pm P ™' ,n n _ 1 Y t (X) for all m>0, 
n>l. Set 

}V' s ((j),^) = W((j),^ + CJ(j) + sC'J(j)) 



Then 

d -\Ail 



^(5^1=0^! X 'P) ^ const YN-(W; 2(3; X,p) 



Proof: Let 



f 1 if a = 1, a' = 

J~((fe ,k, ( T,a),(xo,x, ( /,a , ))=^e < (- 1 > < fc ' a! >- j -1 if a = 0, a' = 1 

1 otherwise 

be the partial Fourier transform of J(?7,£) with respect to its first argument. Observe that 

J al( J~(ij, C(C, CO = C(k)E + (f,, C) where 77 = (A*, k, a, a) 
Let / G Fm(n), 1 <i <n and set, for fj m+1 = (k m+ i, a m+ i, a m +i), 

y(i7i,"->^m+i ; = Antext Jd(d(' J~(^ m+ i,c) C(CC') f(fji,---,fjm ;€i---,£i-iX' ,Z.i,---,t.n-i) 

= Antext fe m+ l)£/-|-(?? m+ l,C) f(fjl,---,fl m ;£l"-,£i-l,C,£i,-"! £n-l) 

for ?i = 2 and 

ff(fli,-,« m +i) (27r) d+1 5(77i+---+^+i) = Antext y^CdC' r^+ajCfcc'J/^r.fciC) 
or equivalent ly 

^lr-flm+i) = Antext C(fc m+ i) f(vi,---,fjm ; (0,O,CT m+ i,a m+ i)) 

for n = 1. In both cases, since D^ +1 E + (^ m+1 ,c) = C^+^m+i.c), 

IMf< ll/lf ||C(fc)|f 

so that 

Pm + l;n-l|bir<r Pm;n ||/|re (X) (X.l) 
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i) Write W(<j>, ip) = J2 m ,n W m , n (0, V0> with W m , n of degree m in and degree n in ip, and 

n 

W(<f>, </> + C) = ^ Wm,n(0, ^ + C) = ^ E W m , n _^(0, V, 



m,n m,n ^ ^ 



with W TOjTl _^^ of degrees m in 0, n — £ in •0 and £ in £. Let w m , n and w m , n -i,i be the kernels 
of W m , n (0, V') an d VV m>n _£^(0, V', CJ0) respectively. By the binomial theorem and repeated 
application of (X.l), 

to{X)p m+ i. n -i\\wZ l ^-^t>\\ < (constT) e (") e (X)p 

if £ > 1 . Then, 

n 

W( ( p^)-w( ( p^) = w( ( p^ + cj ( p)-w( ( p^)= Ew m , n - V (W,^) 

m,n>0 £_1 

and 

n 

^(W'-Wj^X,^) <e (X) ]T E/3 m+n Pm+£;n-^ll^ 



m,n>0 



m,n—t 

= 1 



u _ 

<t (X) J2 ZQ)(constTYp m+n Pm ., n \\wZ, n \\ 
m,n>0^ _1 

= to(X) [(l + constTr-l]r +n Pm;n\\wZ, n \ 

m,n>0 

If const r < i , 



(14" const — 1 <J const Y 71 (l + const <J const T ( ^) (l "H const 

< const 1 Z 

and 

iV ~(W' - W; /3; X, p) < const T iV ~(W; 2/3; X, p) 

ii) Write 

m,n ni,n.2,ns>0 
"l+"2+ ?1 3 = n 

with y^m,nY,n-i,n z of degrees m in 0, ni in -0, 77,2 in £ and 77-3 in rj. Let w m nx n ^ nz be the 
kernel of W m)ni)n2) n 3 (0, V , ) C</0, C'Jcj)). By the binomial theorem, repeated application of 
(X.l) and the obvious analog of (X.l) with C replaced by C", 

to(X)p m+e+1 . n _£_ 1 \\w^ n -e-l,e,l\\ < (constry(constY)( n _ e ™ i e J e pOPm;n||Wm,nll 
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Then, 

n-1 

m,n>0 1=0 

and 

^(iW:| s=0 ;AI,p)<e (I) J2 Z P m+n Pm + l+l;n-l-l\\w~ 



m,n—t— 1,1,1 1 

£=0 



<t (X) E ( n -£-i,^,i) ( const T Y( const Y)(3 m+n p m . 

m,n>0 e ~° 

n-1 

= con S tye (X) ^ £ 71 ("7 1 ) (const T)^ m+n p 
m,n>0 £=0 

= const re (X) ^ n(l + const T) 71 ' 1 p m+n p 



"m;n\\Wrn,n 



m;n\\ w m,n\ 



m,n>0 



If const r < ± 



and 



(1 + constr)"" 1 < (f) n (l + constT)"" 1 < 2" 



^(^| s=0 ;/3;X,p) < const yJV ~(W; 2/3; X,p) 



In Definition XIII. 9 of [FKTf3], we shall amputate a Grassmann function by applying 
the Fourier transform A, in the sense of Definition IX. 4, of A(k) = iko — e(k) to its external 
arguments. Precisely, if W(0, VO is a Grassmann function, then 

where 



If C is the covariance associated to C(fc) in the sense of Definition IX. 3 and J is the 
particle hole swap operator of (VI. 1), then, by parts (i) and (ii) of Lemma IX. 5, 

dnH c(c,v)j(v,v)Aw,o = m,a 

where E is the Fourier transform of (iko ~ e (k))C(/c) in the sense of Definition IX. 4. 
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Theorem X.12 Fix j > 1 and set, for 5e G £ M , 

u {K,oej - lA . _ e(k)+(5e ( k ) 



Let Co(8e) be the Fourier transform of Co(k;5e) in the sense of Definition IX. 3. Then there 
are (M and jo -dependent) constants /?o, £q, const and p > such that, for all (3 > (3q and 
< £o? the following holds: 

Choose a system (Pm;n) mne]No , of positive real numbers obeying p m -n-i < Pm-n, 

Pm+l;n—l — & Pm;n and p m _|_ m '; n _|_ n '_2 ^ Pm;n Pm' ;n' • 

Let X G tftd+i X < t. 

For aZZ be G £^ u>i£/i ||5e||i j00 < X and all even Grassmann functions V(ip) with 
N -(V;S2p;X,p)<et (X), 

WfafrSe) = n Co(Se) (V)(<t>, if>) - V(V>) - ^(f>JC (Se)Jcf> 

obeys 



Nq (VT (</>, V; Se) ; # X, p) < e(± + vV ) e (X) 

and 

AT~ (^W a (0, ^; ^ + s<fe') | s=0 ; (3; X, p) < e(± + V?) t (X) \\5e'\\ 1 , 00 

Proof: The proof of this theorem is similar that of Theorem VIII. 6. Let V ext be the vector 
space generated by (j)(rj), rj G £>, and recall from §11 that V is the vector space generated by 
£ G £. Set V = V ext © V and A = <D. Then 

^l+^lH — ■+rri. r + n r — n 
71 1 i rrL 2->" ' i^r— 1 > m r ^ 1 

Every element F miini) ... >mr>nr of V® t mi <g> V® ni <g> • • -<g> V®™" <g> V® n - can be uniquely written 
in the form 



•+n r 



Fm 1 ,n 1 ,---,m r ,n r — J dT) 1 ---dr) rni + ... +mr + 

/mi ,ni,-,m r ,n r > " ' ilmi H hm r ! £l j iH \-n r ) 

<8> • ■ • <S> ip(i„ 1+ ... +nr _ 1+ i) <S> ■ • • <8> ^(?„ 1+ ...+„ r ) 

We define 

|-Pmi,ni,-",m r ,n T .| = PmiH |-»Ti r ;niH — 7 



r 1 1 J m\ ,ni ,■ • ',m r ,n r 
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and for 



r mi,ni,-,m n ti r t v 

m-^-\-n-^-\-- ■ ■-\-m r ^ r n r — n 
TH,m2,'" ! i r _2,m r >l 



with F mi , ni ,., mr , nr e V®r ® ® • • • ® Kft mr ® 

1*1 = E 



mi ,ni ,• • • ,m r ,n r 



mi ,ni ,• • -,m r ,n r 



Define the covariance C on 7 by 

C(0(„),0(„')) = O 
(7(0(,),#O) = O 

The restriction of C to V coincides with the covariance on V determined by Co(Se) as at the 
beginning of §11, while V ext is isotropic and perpendicular to V with respect to C. 

We have already observed, in the proof of Theorem VIII. 6, that there is a constant 
const j such that S(C (8e)) < const 1 and ||C (5e) ||i )00 < ^ const j eo(||<5e||i i00 ) . Let Cq (5e) 
be the covariance associated with ^^-e<^)+5e(k) ( z ^° ~~ e (k))- Then 



||Cft(fc;<5e)|| < const ||Co(^e)|| l oo < const x e (||*«||i,«») 

By Lemma X.10, b = 4const 1 is an integral bound for Co(Se), and hence for C, and c = 
const]^ eo(-X") is a contraction bound for Co(5e), and hence for C. Furthermore, Lemma X.ll.i, 
with C = Cq (Se), X = ||5e||i i00 and V = e'h is applicable. 

Set a = ^. For any Grassmann function W(<j),ip) = Em n W m;n (0, tp), with 
Wm,n{4>-> VO °f degree m and n in and ip, respectively, let 

J\T(W;c,b,a) = £c E « m+n b m+n |W~ n f 

m,n 

be the norm of Definition III. 9 and of Definition 11.23 of [FKTrl], but with V replaced by V 
and A replaced by i = C. Then iV~(W; c, b, a) = ±Nq (W; 0; X, p) and, if V = :V':c (<5e), 

N~(V;c,b,a)< ±No(V;2p;X,p) 
N~ ( V - V; c, b, a) < ^ Nq ( V; 2/3; X, p) 

by Corollary 11.32 of [FKTrl]. 
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To prove the first part of the Theorem, set V = -V'-CoiSe)- Then the hypotheses of 
Theorem III. 10 with C = C (Se) and W = V are fulfilled. Therefore 

±NZ {n Co(Se) (V) - V; /3; V, p) < N~ (0 Co(5e) (:V: Co{5e) ) - V; c, b, a) + N~ (V - V; c, b, a) 

< 2 iV~(y';c,b,8a) 2 M ~ (y, v . , \ 



(3 

<T _ : ~ L ep(X) 2 _|_ _eb_„ / y\ 
^ 8/3 2 i_^eo(X) + 2/3 2 e 0\^ ) 





since e is chosen so that < \ and, by Corollary A.5.ii, y^t^x) ^ const c o(V). Observe 
that V and hence Qc (Se)(V) are independent of and consequently are not affected by 
amputation. So, by Lemma VII. 3 and Lemma X.ll, 

N- V; «ye); /3; X, p) = iV ~ (n Co(5e) (V)(0, ^ + C a (5e) J0) - V(^); p; V, p) 

< No (n Co (5e) (v) (0, v + c a (<te) j^) - n Co {5e) (v) (0, v) ; /?; p) 

+ {n Co (Se) (V) (0, V) - V(V) ; /5; X, p) 

< CO n S t e'biV ~(n Co(5e) (V); 2/3; V,p) + ^e (V) 



< const £ D 
const £ D 



iV ~ (0 Co(5e) (V) - V; 2/3; X, p) + JV ~ (V; 2/3; X, p) + ^#e (V) 



eb 



-^e (X)+£e (X)j + ^c (X) 

< const (1 +b) 3 e(js +£')t (X) <£(± + V?)t (X) 

Finally, we prove the bound on ^VV a (</>, ip; Se + sSe')\ Q . As 
£<7 (*; 5e + s8e')\^ = - T g^gg^ ^(k) 

Proposition IV. 3. i and Proposition IV. 11 give that 



S(^C (5e + s5e')\ s=0 ) < cons^ yj\\\6&\\\ lt00 

HI^Co^e + ^eOl^ollL < const! \\\6e' ||| i )00 

^C (5e + s<fe')| fl=0 || 1>oo < ^consti e (||<5e|| li00 ) ||<5e'||i, 

d -C£(k;5e + s5e')\ s=Q \\ < const x e (||*«||i,«») ||<Je'||i i<x 



Set b' = 4const 1 •\/|||(5e / |||i j00 and c' = const 1 eo(V) || 5e' || i )0 o • By Lemma X.10, \b' is an 
integral bound for ^Co(8e + s8e') \ S _ Q and c' is a contraction bound for ^Co(8e + s8e')\ s _ Q . 
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Furthermore, Lemma X.ll.ii, with C = C$(5e), C = ^Cg(5e + sSe')\ a=Q , X = ||<5e||i iOOJ 
T = const^' and Y = e'h\\5e'\\i j00 is applicable. 

Define C K = C (Se + K5e') and W K by :W K :c K = V. Even when a is replaced by 2a, 
the hypotheses of Lemmas IV. 5. i and IV. 7. i of [FKTrl], with p, = 1, are satisfied. By these 
two Lemmas, followed by Corollary II.32.iii of [FKTrl], 

^ (^c s (V) | s=Q ; c, b, a) = N- (^0 Cs (: W s : Cs ) | s=0 ; c, b, a) 

< N~ (iflc. | a=0 ; C, b, a) + N~ (£f2 Co (:W s : Co ) | s=0 ; C, b, a) 

+ {l + £ IzP^^K(iW s |^ ; c,b,2«) 
^ 2^ dppf^&const! e (X) ll^e'Hi.oo 

4_ /i i 2 ^-(V^cb.Sa) \ pe' HI icy j\r~ (\). r K A n \ 
+ \ L +a* l-4 r N~(V';c,b,8a) J (2a-l)* iV l^b^a) 

< const ^eoW || <Je' ||i 

,oo 

as above. By Lemma VII. 3 and Lemma X.ll, 

No {i W a (cf>, Se + sSe') | s=Q ; (3; X, p) 



= No [%-n C o(Se + s5e>)(V) (0, V> + <?o + ste') J0) | s=0 ; # X, p 

(5e+s5e>) 

+ No {in CoiSe) (V) (</>, V + C a (5e + s<Se') J0) | s=Q ; (3; X, p 

< {l + conste'b)No(^Q Co{Se+sSe/) (V)\ s=Q] 2p-X,p) 

+ const e'bNo (n Co {Se) (V) ; 2/3; X, p) || <Se' || 1>00 

< const ^eo^ll^e'H^oo + const ££ / e (X)||5e / ||i )OO 

<e(£ + >/F)eo(X) II^'Uloo 



as above. 
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Appendix B: Symmetries 

Definition B.l (Symmetries) 

Let x = (xq, x, a) G IR x IR d x {|, |}, £ = (x, a) G B = (IR x M d x {|, |}) x {0, 1} and 
t = (t , t) G IR x IR d . We set 

x + t = (xo + to, x + t, a) £ + t = (x + t, a) 

R x = (-x , x, a) R C = (Rox, a) 

-x = (-xq, -x, a) -£=(-x,a) 

(T) A function /(£i, • • • , £ n ) on £> n is called translation invariant if, for all t e IR x IR d , 

/(£i + V--,£» + *) = /(£i,---,£«) 

In the same way, one defines translation invariance for functions on (IR x lR d x {|, |}) n . 
(N) A function / on B n conserves particle number if /((xi, ai), • • • , (x n , a n )) = unless 

#{ J | = } = #{ j I a, = 1 } = f 
(S) Let / be a function on £ n . Set, for each A G SL/(2), 

n 

a u b,), ■ ■ ■ , (•, a n , bn)) = /((•» t i» • • • ' (•> r - n 4i 

Tl,-"T„ • 7_ 1 

where A (0) = A and = A / is called spin independent if / = / A for all A G Stf (2). 
(R) A function /(£i, • • • , £ n ) on £> n is called /c — reversal real if 

/(i?0£l, • • • , #o£n) = /(-6,-",-U 

or, equivalently, if its Fourier transform obeys 

/(-Ro£l, • • • , -Ro^n) = - • - > £n) 

where Ro(k , k, a, a) = (— A; , k, a, a). 

(B) A function /(£i, • • • , £ n ) on £> n is called bar/unbar exchange invariant if 

/((xi, 1 - 6i), • • • , (x n , 1 - b n )) = i n f((-x u 6i), • • • , (-i n) &„)) 
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or, equivalently, if its Fourier transform obeys 

f((k 1 ,a 1 ,l-b 1 ),---,(k n ,a n ,l-b n )) = l n f( (fci ,cti ,61 ) ,• • • ,(fc„ ,<r„ ,6„)) 

vi) Let m G IN and Ei, E m G {B, N, R, S, T}. Then / is E x • • • E m -symmetric if / 
satisfies part (Ej) of this definition for 1 < i < m. 

vii) Let E G {B, N, R, S, T}. A Grassmann function 

is E-symmetric if all of the coefficient functions W m , n are. 

Remark B.2 Let W(</>, -0) = S m n ^ / m,n</ ,m V' n be a Grassmann function. 
W(4>, ifi) is translation invariant if and only if it is invariant under 

m - 0(£ + *), - 1>(Z + t) for alH G IR x R d 

W(4), ip) conserves particle number if and only if it is invariant under 

(j)(x, a) -> e^-^ ae (f>(x, a), ^(x, a) -> e^" 1 ^ a) for all 6> G IR 

W(0, ^) is spin independent if and only if it is invariant under 

<P(-,a,a)^ A^<P(-,r,a), V( •,*,<»)-> ^(-.t.o) for all A G 577 (2) 

t6{t,u t6{t,u 

W(0, V') is bar/unbar exchange invariant if and only if it is invariant under 

(j)(x, a) — > i<f>(—x, 1 — a), ip(x, a) — > iip(—x, 1 — a) 
or, equivalently, under 

a, a) — > z</>(/c, a, 1 — a), ^(fc, a, a) — > a, 1 — a) 
Define W(0, V) = E™,^^" and 

(i2oVO(0 = iKflo0 W)(0 = V>(-£) 

W(</>, -0) is /c -reversal real if and only 
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Remark B.3 

i) If the function /(^i,^2) on B 2 is NS-symmetric, then it is of the form 

f((x, a, a), (y, r, b)) = 5 a , T f((x, a), (y, b)) 

for some /. 

ii) If the function £2) on B 2 is antisymmetric and NST-symmetric, then, translating by 
-x - y, 

f((x, a, 0), (y, a, 1)) = f((-y, a, 0), (-x, a, 1)) = -f((-x, a, 1), (-y, a, 0)) 
so that / is also B-symmetric. 

iii) If the function /(£i,£2) on ^ 2 * s antisymmetric and NST-symmetric and if f(k) is its 
Fourier transform specified at the end of Definition IX.l.i, then 

f = J? 

The operator J was defined in (VI. 1) and for a function the Fourier transform 

was defined in Definition IX. 4. If, in addition, / is /c -reversal real, then /(— fc , k) = f(ko : k). 

iv) If 

V(V>,V>)= / Vo(x 1 ,x 27 X3,X4)4>(x 1 )ip(x 2 )4>(x3)ijj(x4) dx 1 dx 2 dx 3 dx 4: 

i(IRx]R d x{T,U) 4 

with 

Vo((xi fi , xi, o-i ), • • • , (x 4> o, x 4 , cr 4 )) = -|<J(xi, x 2 )5(x 3 , x 4 )v(a;i j o - £3,0, xi - x 3 ) 

where 5((xo,x, a), (ccg, x', a')) = 5(xo — £ )5(x — x')^^/, then V is BNST-symmetric. If in 
addition v(xq, — x) = v(xo,x.), then V is also R-symmetric. This is the case if v{x\ — X3) = 
8(xi,o _ ^3,o) v ( x i — X3) with v having a real-valued Fourier transform. 

Remark B.4 cpJifj is BNRST-symmetric. If C(£, £') is the covariance associated to a func- 
tion C(/c) as in Definition IX. 3, then C (£,£') is antisymmetric and BNST-symmetric. If 
C(— /co,k) = C(/co,k) then C(£, £') is R-symmetric. 

Remark B.5 Assume that C (£,£') is the covariance associated to the function C(k) as in 
Definition IX. 3 and that W(0, V') is a Grassmann function. Let E e {BNST}. If W is E- 
symmetric, then f W((f>,i()) dfj, c {ip), ^c(>V) and fic(W) are too. If C(-fc ,k) = C(fc ,k), 
then / W((f>,ip) d/j,c(ip), 0c (W) and fic(W) are R-symmetric. 
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Lemma B.6 Let W(r],£) be BN ST -symmetric. Then 



Proof: The bar/unbar invariance implies 

W((k, a, a), (k, a, 1 — a)) = —W[(k, a, 1 — a), (k, a, a)) 

=}► a, a), (fc, a, 1 - a)) = a, 1), (k, a, 0)) = -(-l)°W(k) 

for an arbitrary spin ex. Hence, if x and y both have spin component a, 
(J (WO ) ((x, 1 - a), (y, a)) = a), (y, a)) 

= " / (Cy^r eC- 1 )"^*.^- W( (M>a)>(fc>a>1 _ o) ) 

= "/ (Cffi e-^ 1 ) - ^*^- e -(-D 1 -.<*',*>- tfr ((fc>a>a)i(fcW _ a) ) (2.)^^- 

= -W((y,a),(x,l-a)) 
The lemma follows. 
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Appendix C: Some Standard Grassmann Integral Formulae 



For a function C(£, £') on £> x £> we set, as in Section VII 



0CV> = J 0(£)C(£,£W)^£' 

Lemma C.l Let /(VO &e a Grassmann function and let C be an arbitrary antisymmetric 
covariance. Then 

J fMe^dncW) =e-^ c<t> J fty + CftdfjicW 

Proof: It suffices to consider f(ip) = with C, another Grassmann field. Then comparing 

J fWe^cW = J e^+^d^cW = e-M+WU+V 

J /(V> + C<P)diicW = J e^ +c ^d^cW = e'^e-^ 
gives the desired result. ■ 

Lemma C.2 Let C(£, £') and E/(£, £') be antisymmetric functions such that the norm of the 
integral operator with kernel J d£" C(£, £")U(£", £') is strictly smaller than one. Let C 
be the kernel of the integral operator [1 — CU]~ 1 C and set 

u = J £/(£,£) mmdidi' 

andZ = J e^ u( -^dncW. Then, 

a) For all Grassmann functions f(i/j) 

! J f^e^d^cW = J fWd^'W 

b) For all Grassmann functions W{^) 
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Proof: We give the proof for the case that the Grassmann algebra is finite dimensional. 
The general case then follows by approximation. 

a) It suffices to consider the generating functional f(ip) = e^^ . By definition 

>**e* uw dnc(i!>) = [ e^e^^d/icW 



= Pf(C) J e^e^^e-^'^dijj 
= Pf(C) J e^e-^ c '~^d^ 

where Pf (C) is the Pfaffian of C. In particular, setting = 0, |^ = / e^^d/JcW = Z. 
b) By part a 



by Lemma C.l, with the replacements C — > C and <fi U<p = —<fi U. ■ 

Remark C.3 Recall from Lemma IX. 5 that, if C(k) is a function on IR x IR d and C (£,£') 
the associated covariance in the sense of Definition IX. 3, then C = —C(k)J. Also recall from 
Remark B.3.iii that if U is antisymmetric, particle number conserving, translation invariant 
and spin independent, then U = JU(k). In this case C = — C'(k) J where C'(k) = Y^U^uJk) ' 



40 



References 

[FKTfl] J. Feldman, H. Knorrer, E. Trubowitz, A Two Dimensional Fermi Liquid, Part 
1: Overview, preprint. 

[FKTf3] J. Feldman, H. Knorrer, E. Trubowitz, A Two Dimensional Fermi Liquid, Part 
3: The Fermi Surface, preprint. 

[FKTrl] J. Feldman, H. Knorrer, E. Trubowitz, Convergence of Perturbation Expan- 
sions in Fermionic Models, Part 1: Nonperturbative Bounds, preprint. 

[FKTol] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 1: Insulators, preprint. 

[FKTo3] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 3: Sectorized Norms, preprint. 

[FKTr2] J. Feldman, H. Knorrer, E. Trubowitz, Convergence of Perturbation Expan- 
sions in Fermionic Models, Part 2: Overlapping Loops, preprint. 

[FMRT] J. Feldman, J. Magnen, V. Rivasseau, E. Trubowitz, Two Dimensional Many 
Fermion Systems as Vector Models, Europhysics Letters, 24 (1993) 521-526. 



41 



Notation 



Norms 



Norm 


Characteristics 


Reference 


I * 1 1 1 1 oo 


no derivatives, external positions, acts on functions 


Example II. 6 


||l, oo 


derivatives, external positions, acts on functions 


Example II. 6 


II oo 


derivatives, external momenta, acts on functions 


Definition IV. 6 


1 ' llloo 


no derivatives, external positions, acts on functions 


Example III.4 




derivatives, external momenta, acts on functions 


Definition IV. 6 


II oo,B 


derivatives, external momenta, BcRx IR d 


Definition IV. 6 


\\l,B 


derivatives, external momenta, B C 1R x IR d 


Definition IV. 6 




Pm;n|| ' ||l,oo 


Lemma V.l 


N(W; c,b, a) 


^E m ,„> « n b" ||W m , n || 


Definition III. 9 






Theorem V.2 


N (W;(3;X,p) 


e 0p0 Em+n£2]N Pm;n W m ,n |l,oo 


Theorem VIII.6 


■ Wl 1 


derivatives, acts on functions on IR x IR d 


before Lemma IX. 6 




derivatives, external momenta, acts on functions 


Definition X.4 




«o(*)E ro+ „ e 2H P m+n Pm;n\\W-J 


before Lemma X.ll 



42 



Other Notation 



Not'n 



Description 



Reference 



Q S (>V)(0,VO 
J 

f2c(W)(0,V) 
ro 
r 

M 
const 

const 

v^\k) 

S{C) 
f 

r 

X 
B 
B 
B 

T m {n) 



log^/e^+Od^CC) 
particle/hole swap operator 
log^/ e ^C e wW,HO^ c (() 

number of fco derivatives tracked 
number of k derivatives tracked 
scale parameter, M > 1 
generic constant, independent of scale 
generic constant, independent of scale and M 
j th scale function 
j th extended scale function 
^(M 2 ^- 1 (A;2 + e(k) 2 )) 
^(M 2 ^- 2 (A;2 + e(k) 2 )) 
^(M 2 ^- 3 (A; 2 + e(k) 2 )) 

sup m sup ?lj ... )?m6B ( fil>(Zi)---il>(Zm)dnc(il>) 
Fourier transform 
partial Fourier transform 
Fourier transform 

IR x IR d x {T,|} x {0, 1} viewed as position space 
1R x M d x {T, !} x {0, 1} viewed as momentum space 

{ (771, ■ ■ • , fjm) G B m I 771 + h ^ = } 

functions on B m x £> n , antisymmetric in B m arguments 
functions on B m x £> n , antisymmetric in B m arguments 



before (1.1) 
(VI.l) 

Definition VII. 1 

§VI 

§VI 

before Definition VIII. 1 



Definition VIII. 1 
Definition VIII.4.i 
Definition VIII. 1 
Definition VIIIAii 
Definition VIII. 4. iii 

Definition IV. 1 

Definition IX.l.i 
Definition IX.l.ii 
Definition IX. 4 
beginning of §11 
beginning of §IX 
before Definition X.l 
Definition II. 9 
Definition X.8 
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